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Surface Charge and Field Distribution
in a Finite SAW Tra.nsdwer

VELIMIR M. RISTIC, MEMBER, IEEE>AMI ALI M. HUSSEIN, STUDENT MEMBER, IEEE

AbstMcf—Usirrg the moment-method tecfmique, closed-form expres-

sions for i he surface charge, potential and electric fields of a fiite

transducer over a low coupfing subetrate are derived. Tire influence of the

end effects on the total capacitance of the transducer are studied and the

field patterns of three different ekctrode sequences are computed. It is

shown that for Y-Z Mhimn oiobate, the snrface-cfuwge density is propor-

tioosd to the normai component of the eiectric field under the transducer.

The moment-method tecbrdque was aiso used to stndy tbe total input

adodttaoce of finite transduce on Y-Z fithimu uiobate as a function of

the number of finger pafrs. Numerical results indicate that the increase in

cspacittmee sod conductance with the number of fiuger pairs, when the

number of fiiger pairs exceeds three, is approximately corrrtit.

L INTRODUCTION

I N STUDIES and applications of SAW devices the

determination of the quasi-static charge distribution

on interdigital transducers is of interest [1 ]–[5]. Most of

the previous treatments of this problem assumed an in-

finitely long transducer geometry in order to avoid the

consideration of the end effects [1 ]–[3], [6]–[8]. This

assumption is well justified for long transducers of con-

stant or low varying periodicity. Certain aspects of the

problem, in finite geometry, were treated by Hartmann

and Secrest [9] who used an iterative technique to find the

field distribution at the end of the transducer. More

recently, Smith and Pedler [4] reduced the problem of a

finite transducer to a set of linear equations, and obtained

expressions for the charge density and electric field at the

surface of the substrate, useful in the equivalent circuit

modeling.

ha this paper a moment method [10], [11] is used to find

the surface-charge density of a finite transducer. A

closed-fcm-m expression for the electric field at any point

under the transducer is obtained. Furthermore, no

numerical integration is necessary in the calculation of the

surface (charge, capacitance, and field distribution. The

expressicms derived can be used as the forcing term in the

inhomogeneous elastic problem [1], and the technique can

be easily extended to include transducers with layered

structures [7], [8] as well as for determination of the exact

charge clistribution in transducers on high-piezoelectric

coupling substrates [12].
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Fig. 1. The geometry of the transducer of finite length.

The analysis is carried out in the limit of the zero-

piezoelectric coupling in the geometry ~hown in Fig. 1. IrI

both, vacuum+ and piezoelectric ~ D= O, and in the

piezoelectric D = – F V V, where D, G and V are the

displacement, perrnittivity tensor, and potentia~l, respec-

tively. The metallic strips, in the transducer, are assumed!

long enough so that the transverse effe$ts cam be ne-

glected. In the piezoelectric medium, V “D = O reduces tcl

[9]

a 2V a2V a2V
~22 — + 2E23— + 113~-Q- = o. (1:)

ay2 ayaz
The potential in the vacuum (y> 0) and in the piezoe-

lectric (y< O) can be expressed as

where

(.%,/622+ E,lkl,
+(k,y)= _ ,kl

y<o
(3)

> y>o

and

(Er= czzc~~- .;3)’/2/622. (4)

In the above expressions k is the wavenumber in the z

direction, A(k) is the Fourier coefficient, and j = ~.

Equation (2) ensures the continuity of the potential at the

vacuum–piezoelectric interface. The surface-charge den-

sity on the strips can be expressed as

p,(.)=&~_+m,(k)exp(-jkz)~~(5)
cc

where

p(k) = ~ + ~P.(Z) exp (jkz)dz (6’)
—co

and the boundiiry condition at the interface is given by

DY(O+,Z) -DY(O-, Z)= P.(Z). (7)

Using ~= – Z’.V V and (2) results in

A(k) =p(k)/[eo(l+a)lkl] (8)
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Fig. 2. The geometry relevant to the application of the moment

method.

where

a= E22Er/Ew (9)

II. SURFACE-CHARGE DENSITY AND CAPACITANCE

For simplicity it is assumed that the transducer is geo-

metrically symmetric and electrically asymmetric in re-

spect to y axis, as shown in Fig. 1. This assumption

produces an asymmetrical surface-charge density [2], [ 12].

Using (2) and (8) results in

co

J ()
sin kz

pk ~ dk =jreoVI(l + cr)/2 (lo)
o

with al<z<bl, 1= 1,2,.. . , Xl, where al and bl are the

locations, and V,/2 is the potential of the lth strip, as

shown in Fig. 1, and where M is the number of electrode

pairs. The ith strip, shown in Fig. 2, is divided into N,

subsections, and a function f; is defined as

{
t= *’ ‘na~ (11)

O, elsewhere.

The surface-charge density can be approximated by

M N

l%(z) = Po z x %x (12)
ial~E1

where p. is a normalizing constant. The Fourier transform

of the surface-charge density, obtained by substitution of

(12) into (6), is given by

where

~=1

subject to condition

N,

~=]

For a point-matching solution, (10) is satisfied at the

middle of each subsection c?:. Substituting (13) into (10)

results in

~ ; ~;L:n = v, (16)
i=l~zl

with m= 132,.. .,Nl, and 1= 1,2,.. . ,M, Where

L:.=4~msin(k~;/2) sin(kzi) sid%)dk/(k2L)
o

(17)

po= mo(l + (Y)/2L (18)

and where L is the distance between the two electrodes in

the middle of the transducer, as shown in Fig. 1. The

integral (17) is easy to evaluate [13], and results in

( f3i

)1

r?i+ ,?~-~-z~ in z~—4_zl
2 )/2m ‘“

(19)

Equation (16) represents a system of linear equations with

a; unknowns. The solution of the system and the use of

(12) results in the value of the surface-charge density.

When the alternate electrodes are interconnected, the

system (16) is solved for

~=(–l)i-] (20)

and the total capacitance of the transducer can be easily

determined as

N,

C=po f ~ (–l)i-’c$$;. (21)
isl~el

Similarly, for the double-electrode configuration

{

~= (– 1)(1-1)/2 1 odd

(_ 1)(’-2)/2n 1 even
(22)

in (16), and the total capacitance is given by

M N,

1
+ ~ ~ ( – 1)( ’’2)- 1a;8; . (23)

j=’ ~=1

(i even) J

In calculating the capacitance, each strip is divided into

20 equal subsections. At a metallization ratio a =0.5, an

increase of number of subsections from 20 to 40 increases

the capacitance of a single pair of electrodes by 0.5

percent. Therefore, 20 subsections were adopted for each

strip as a reasonable compromise between the accuracy

and the speed of computation.

The normalized transducer capacitance per half-elec-

trode pair, per unit width is defined as [2], [6]

Cn =2c/(1 + ~jikf. (24)

Equation (24) is plotted in Fig. 3 as a function of “a”, for

a single-electrode pair transducer (solid line) and, for an

infinitely long [2] transducer (dotted line). It is seen that



RISTIC ANO HUSSEIN: SURFACB CHARGE AND FIELD DISTIUBUTION IN TRANSDUCER 899

C. (pFtm)

45
1 i

40 - 1’

1’

35 - 1’

,11

/
30 - /’

,/’

25 - /’
/’

,/’
,

20 - ,/’
,/”

,/’
15 - ,..

,..
.-

10 -

0 I I I I , +
0.2 0.4 0.6 0.8 1.0 a

Fig. 3. Tbe normalized transducer capacitance per half-electrode pair,
per unit width, Cti as a function of the metallization ratio “a”.
Singte-electrode pair transducer (solid line) and infinitely long trans-
ducer (dotted line).

C“ (pF/m)

20
t

14 -g

12

10 -

A

8 -

6 -

4 -

2 -

AAA
AA

,

~
24 8 10 12 14 M

Fig. 4. The normalized transducer capacitance per half-electrode pair,
per unit width, C. as a function of number of electrode pairs M. C. of

the middle two electrodes in a A/4 electrode transducer of M elec-
trode pairs is shown by 000, and that of a A/4 electrode transducer of

M electrode pairs by •~. Atso shown with AAA is the Cn of A/8
electrode transducer of M electrode pairs.

the deviation between the two curves increases with the

increase of “a”. This suggests the importance of the end

effects for short transducers especially at high-metalliza-

tion ratios. Fig. 4 shows C. of a uniform transducer for

A/4 electrode and A/8 (double) electrode configurations,
at a =0.5, as functions of the number of electrode pairs

M. AISO shown is the C. of the two electrodes in the
middle of a A/4 electrode transducer. With increasing M,

the C. of the two middle electrodes approaches Engan’s

results for an infinite transducer very rapidly, while C. of

the overall transducer increases much slower. Thus it can

be concluded that the total transducer capacitance de-

pends on the end effects, even for a large number of

fingers. Numerical results presented in Fig. 4 inldicate that

the increase in capacitance with the number of finger

pairs, when the number of finger pairs exceeds three, is

constant.

111. FIELD DISTRIBUTION

The electric potential in the piezoelectric is obtained by

substituting (8)I and (13) into (2), and is given by

(25)

where

g;(y,z)=4Jr m sin (k8~/2) sin (kz~)
o

. sin [ k(z – ~z3y/e22)] exp (q.ky)dlc/(k2L).

(26]1

This results in a closed-form expression [13] for the poten-

tial at the interface given by

M ‘i i{(z;+$+.)h(zi+$+z)V(o,z) = + ;~, ~~1%

-(z’-:+z)ln(z’-:+z(zzlzl
“ln“+:-ZI+(Z’-:-Z)l++)

(27)

which can be used for evaluation of the input admittance

of interdigital transducer [14].

The components of the electric field in the piezoelectric

are

Ni

EY(y,z)= – ~ f ~ (#-g;(y,z)
Zi=ln=l

(28)

and

where

-%(az . Y, Z)= J;(Y, Z)/L (31)

l~(y,z) = 4~~ sin (k&/2) sin (kzj)

. sin [ k(z – c23y/czz) ] exp (@.y)dk/k

(32)
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and

~~(y,z) = 4~w sin (kc$~/2) sin (kz~)

“cos [ k(z – ez3y/c2z) ] exp (@y)dk/k. (33)

Using standard integrations [13], (32) and (33) reduce to

L _l

y <o (34)

and

~~(y,z)= + in

[

(erY)2+ (z;+ 8;/2+ z - c23y/622)2

(~rY)2+ (z;- 8;/2+ z - E23y/c22)2 1

[ 1+ ~ In (%Y)2 + (i + w – z + 623 JVC22)2 ,

2
(C,.Y)2+ (z;– 8;/2- z + E23y/E22)2

y <o. (35)

Thus it is seen from (28) to (35) that the electric field is

specified at any point in the piezoelectric, which is con-

venient for expressing the driving terms in the wave equa-

tion [1].

The potential and electric field of several electrode

configurations, on Y–Z lithium niobate, were computed

using the derived equations. For Y–Z lithium niobate,

using (5), (13), (28), (30), and (32), it can be proven that

the surface-charge density is proportional to the normal

component of the electric field under the transducer, i.e.,

Ps(z)/Po= –2Ey(o-, z) L/7rer. (36)

Thus it is not necessary to plot p,(z) if EY(O-, z) is known.

Fig. 5(a) shows the potential and the electric field of the

sequence + — + —I + — + —. Only half the sequence is

shown since the potential and the normal component of

the electric field are asymmetric while the tangential com-

ponent of the electric field is symmetric. The same com-

ment applies to the Fig. 5(b) and (c) as well. Fig. 5(b)

shows a double electrode sequence + + – – I + + – –,

and Fig. 5(c) a sequence + – + + – I + – – + – with

phase reversal.

v (volts)●
+ EYL,EZL (volts)

1

.61
[ ;! 1:

v (volts) EYL. E,L (volts)

~~&ti&

Fig. 5(a). The potential V(O, z) the tangential electric field E=(O, z), and

the normal electric field EY(O–, z) as a function of normalized distance
z/L for a sequence + — + — I + — + —. Onfy the RHS of the sequence
is shown. (b) The potential P’(O,z), the tangential electric field ,?3,(0,z),

and the normal electric field EY(O–, z) as a function of normalized
distance z/L for a sequence + + – – I + + – –. Only the RHS of the

sequence is shown. (c) The potential V(O, z), the tangential electric

field E=(O, z), and the normal electric field EY(O-, z) as a function of
normalized distance z/L for a sequence + – + + – [ + – – + –. Only

the RHS of the sequence is shown.

IV. INPUT AdmittanCe

The moment-method technique can also be extended to

determine the total input admittance of interdigital trans-

ducers taking the piezoelectric coupling into account [12].

The frequency dependence of the input admittance for
Y–Z lithium niobate for different number of electrode

pairs &2 is shown in Fig. 6(a) and (b) for resonant

frequency of 100 MHz. As expected, the conductance,

Fig. 6(a) increases at resonance with increasing number of

electrode pairs. At resonance, the normalized conductance
for a single pair of electrodes (M= 1) is 23.6 ins/m, while

for IM = 2 it becomes 33.4 ins/m, which is an increase of

42 percent. The conductance for M= 3 is 51.2 ins/m, a

53-percent increase over that for M= 2. For ~= 4, 5, and

6 the conductance is 66, 80.5, and 92.9 ins/m, respec-

tively. The corresponding percentage increase is 29, 22,

and 16 percent.
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Fig. 6(a). The normalized input conductance versus frequency for dif-
ferent number of electrode pairs, M for Y–Z lithium niobate. The

resonant frequency is 100 MHz, L= 17.44 pm, and a= 0.5. (b) The
normalized input susceptance versus frequency for different number

of electrode pairs, M for Y–Z lithium niobate. The resonant frequency
is 100 MHz, L = 17.44 pm, and a =0.5.

V. CONCLUSIONS

The finding of the surface-charge density and capaci-

tance in finite transducers is greatly simplified with the

moment-method technique. The contribution of the end

effects tc~ the total capacitance of the transducer is im-

portant in short transducer, especially for high-met.allized

ratios. The moment-method technique was also extended

to include the piezoelectric coupling and to determine the

input admittance of transducers with few finger pairs.

Closed-form expressions for the electric and potential

fields was derived and then used to compute the potential,

the tangential, and the normal components of the electric

fields for three different transducer sequences.

Numerical results presented indicate that the increase in

capacitance with the number of finger pairs, when the

number of finger pairs exceeds three, is constant.
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